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The cladistics problem involves finding a minimal length evolutionary 
tree to a given set of organisms. For the general case where divergent 
character states are possible, an algorithm to construct all cladograms is 
described and is shown to be more efficient than the previously best 
known algorithm. Further techniques to improve the efficiency of the 
algorithm are presented. 

1. Introduction 

A criterion for selecting efficient evolutionary trees for a collection of 
operational taxonomic units (OTUs) was proposed by Camin & Sokal 
(1965). This criterion states that if each of the characters being measured 
evolves independently and if evolution is irreversible with respect to each 
of these characters, an optimal phylogram is that which postulates a minimal 
number of evolutionary steps. We will refer to this definition of an optimal 
phylogram as the Camin-Sokal model for numerical cladistics (C-S-M), 
and to the problem offinding the optimal phylogram as the cladistics problem. 

In their paper defining the cladistics problem, Camin & Sokal also suggested 
a generalization which permits divergent trends with respect to the individual 
characters being measured. That is, distinct states of the same character 
are permitted such that neither state is evolutionarily more advanced than 
the other. Estabrook (1968) has proposed an algorithm to find a minimal 
tree according to this more general model, which we call the generalized 
Camin-Sokal model for numerical cladistics (G-C-S-M). 

As Hendrickson (1968) has indicated, the calculation of a minimal 
evolutionary hypothesis according to the C-S-M becomes infeasible, even 
for reasonably small numbers of OTUs, if all possible evolutionary hypo
theses are enumerated. The quality of a method for solving the cladistics 
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(or generalized cladistics) problem depends upon an efficient mechanism 
for precluding most evolutionary hypotheses from consideration before they 
are enumerated. 

The purpose of the present paper is to show that an algorithm of the 
present authors (Nastansky, Selkow & Stewart, 1973a), which was given 
only for the C-S-M, may be modified so that it will treat the G-C-S-M and 
that it is more efficient than the best previously known solution (Estabrook, 
1968) for the G-C-S-M. Finally, we present new theorems which permit us 
to reduce even further the number of evolutionary hypotheses enumerated. 
In Appendix A will be found mathematical definitions and proofs corre
sponding to the arguments given in the article. 

2. The Generalized Cladistics Problem 

The major assumption of the G-C-S-M is that the states of each character 
may be partially ordered so that at most one evolutionary path (sequence 
of character states) exists from any state to any other state, no path leads 
from any state to itself, and each character has a unique ancestral state 

, from which a path may be found to any other state of the character. Thus 
in tracing the evolutionary history from any OTU to any other OTU, the 
evolution of each character in the sequence of intermediate OTUs must 

, proceed along a unique path. Following is an example (Camin & Sokal 
. 1965) of a possible set of evolutionary paths of a character 

 2---+ 1---+ 0-ד 1-ד 2-ד 3-ד 4
! ! 
3' 
! 
4' 

The origin is the OTU from which an evolutionary sequence may be found 
to each of the other OTUs. 

Denote with S a collection of evolutionary units (OTUs). A tree partial 
order on a set containing S will be called an evolutionary hypothesis for S 
if for any two ordered elements s and t for which t is the successor of s, 
t differs from s in only one character, and for this character the state of t 
is one evolutionary step more advanced than the state of s. An evolutionary 
hypothesis to S which contains a minimal number of evolutionary steps is a 
minimal evolutionary hypothesis (MEH). For the C-S-M, each character was 
only allowed to evolve along two distinct paths from the most ancestral 
state, as in 

-2' 

- 2--+- 1--+ 0-ד 1-ד 2-ד 3-ד 4 .

. 1 . An example of an MEH is shown in Fig 



415 SOLUTION TO CLADISTICS MODEL 

l ----1- ~ 0 ל 

2' 

i 
-1~0~1~2~3 

l 
2" 

(b) (a) 

(2';-1) (2~-1) 

(3, 1) 

(-1,0) 

(c) 

FIG. 1. (a) A character state tree. (b) A character state tree. (c) An MEH to the set of 
nodes denoted by Os defined with respect to the characters of (a) and (b). 

3. A Solution to the G-C-S-M 

Clearly, one way of finding an MEH to S is to generate all evolutionary 
hypotheses to S and choose one which contains a minimal number of 
evolutionary steps. Recognizing the prohibitive expense of this procedure 
for reasonably large sets S, we seek theorems which permit us to remove 
many evolutionary hypotheses from consideration while assuring that no 
MEHs have been removed. 
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, The first theorem, which has been proved for the G-C-S-M (Estabrook 
1968), precludes from consideration all evolutionary hypotheses whose 
furcations or divergences do not satisfy a certain property. Any subset T 
of S has a unique maximum ancestor [ also referred to as a greatest common 

r recent ancestor ס,) ancestor (Nastansky, Selkow & Stewart, 1973a 
Estabrook, 1968)]. The theorem states that all furcations in an MEH take ( 

place at the recent ancestor of some subset of S. The intuitive idea behind 
this theorem is the following. If a purported MEH has a furcation which 
is not the recent ancestor of some subset of S, it may be modified by evolving 
along a path from this furcation to the recent ancestor of the subset of S 
which is evolved to from this OTU, thereby reducing the number of 

. evolutionary st.eps 
Because all paths between any two OTUs contain the same number of 

evolutionary steps, the above theorem reduces our search for an MEH by 
-limiting the number of nodes which must be considered. Defining a hypo 
, thetical ancestor as the maximum ancestor of some nonempty subset of S 
-and defining N to be the set containing S, the origin, and the set of hypo 

thetical ancestors, we now consider the set of permissible paths only between 
members of N. Since a path may consist of many evolutionary steps, we 

-associate with each path a length corresponding to the number of evolu 
tionary steps involved. The length of an evolutionary hypothesis is now the 
sum of the lengths of the paths comprising the hypothesis, and an MEH is 

. an evolutionary hypothesis of minimum length 
We may restrict the set of paths to be considered (without eliminating 

any MEH) by generalizing a theorem of Nastansky, Selkow & Stewart 
. 1973a). Consider a fixed element t of N and an arbitrary path leading to t ( 

Let the element of N different from t which just precedes it along the path 
be called s. If the Iength of the path from s to t is greater than the length 
of a path from a node of S to t, then the path under consideration may be 
eliminated. Moreover, we may further limit the set of paths. Consider a 

) path to t E N and Iet s E N be the immediate ancestor (different from t 

along the path. W e may ignore the path if there is a u E N different from s 
. and t such that u is a possible ancestor of t and s is a possible ancestor of u 

A proof of this theorem for the generalized cladistics problem is given in 
. Appendix A 

The MEH may be obtained by enumerating all sets of paths satisfying 
. the above requirements and defining an evolutionary hypothesis to S 

A proof is given in Appendix A that fewer points and fewer paths will be 
enumerated than by the best previously known algorithm for the G-C-S-M 

.) 1968 , Estabrook ( 
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4. Additional Reductions 

Two new reductions on the number of paths which must be enumerated 
will now be presented. If all evolutionary paths to a node t in S lead through 
the same hypothetical ancestor of t (call it s), then s must be in the MEH. 
For computational purposes, we may suppose that s belongs to S. Appealing 
again to the second theorem discussed above, we may often discard yet 
other paths to possible successors of s, since we now know that we must 
evolve to s. Examples of these reductions are given in Appendix B. 

The next reduction enables us to eliminate some OTUs from the set of 
hypothetical ancestors. Consider a hypothetical ancestor s which is not in S 
and which always evolves to the same successor (call it t) among the set 
of evolutionary paths considered which pass through s. The OTUs may be 
removed from each of these paths with evolution proceeding from the 
immediate predecessor of s along the path (call it r) directly to t. Again 
appealing to the second theorem discussed above, these paths may be 
discarded if a path reaches t in fewer evolutionary steps from an OTU in S 
than the number of steps required between r and t. Examples of these 
reductions are also given in Appendix B. 

Particularly efficient routines, which explicitly enumerate but a fraction 
of the remaining paths, have been described elsewhere (Nastansky, Selkow 
& Stewart, 1973b; Armstrong & Nastansky, 1973). 

A listing of a FORTRAN program which incorporates all of these 
improvements, for the G-C-S-M, is available from the authors. 

5. Typical Results 

To test the effect of the reductions introduced in the last section, several 
different sets S of OTUs were presented to our algorithm. The first phase of 
the algorithm (Nastansky, Selkow & Stewart, 1973a) created a graph 
defined in Appendix A) containing exactly the paths to members of S ( 

described by Theorems 1 and 2. The sizes of these graphs are described by 
the numbers of nodes and arcs in the graphs. These sizes are then compared 

. with the corresponding graphs after the reductions were applied 
-For an S which consists of 100 points randomly generated in two dimen 

sions, the initial graph contained 638 nodes and 848 arcs, whereas the 
reduced graph contained 296 nodes and 434 arcs. Furthermore, in the 

, course of the reduction it was found that of the 296 nodes of the final graph 
49 were hypothetical ancestors which were shown to necessarily exist in 

. any MEH 
A second test treated biological data due to Dr Arnold G. Kluge, which 

ade available to us by Dr James S. Farris. The input consisted וwas kindly n 
27 T.B. 
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of 18 binary 1neasurements performed on 23 organisms. The initial graph 
contained 85 nodes and 97 arcs. The reduced graph contai11ed 37 nodes 
and 48 arcs. Furthermore, two of the hypothetical ancestors were shown to 
necessarily exist in an MEH. 

The authors are very grateful to Pierre Boulay who made several useful 
suggestions, and programmed part of the algorithm, and to the referee whose 
suggestions greatly improved the presentation of this articlc. 

The research was supported i11 part by the National Research Council of Canada. 
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APPENDIX A 

Mathematical Development of the Method for the G-C-S-M 

Our method can be divided into two phases. The first phase is to find a 
graph in which all minimal solutions are guaranteed to be embedded as a 
subtree. The problem of extracting an optimal solution from the graph 
can then be posed as a special mathematical programming problem, the 
solution of which constitutes the second phase of the algorithm. 

Throughout the Appendix we will use the notation of Estabrook (1968). 
For completeness, we will redefine all entities used; however, we will not 
repeat the discussion and motivation given there and in (Nastansky, Selkow 
& Stewart, 1973a). 

The direction of evolutionary trends within a character will be represented 
as a tree partial order, called a character state tree. We denote the charactcr 
state tree for the ith character by Pi, i = 1, ... , n. Where no confusion is 
possible P; will also denote the set of states for the ith character. 

The fixed set of OTUs under study is denoted by S; each elcment s in S 
can be identified by a vector (s1 , ... , sn) of character states names, each s; 
being a state in P;, i = 1, ... , n. 
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" The product partial order x P; wi\I be denoted a; \Vhen no confusion 
1 = i 

can arise, a will also denote merely the totality of distinct ordered n-arrays 
n. If p is greater than or equal to q , ... ו,= p 1 , ••• , p.), with P; E P;, i ( 

in the partia\ order a we will write q A p : q is ancestral to p, and p is a 
. successor of q 

: An evolutionary hypothesis for S consists of two things 
1) A set S', S s;;; S' s;;; a, \vhich has 0 (the minimal element of a) as one ( 

. of its elements 
s) of S' -{0} for which (<f2 נ) A mapping ( 

) s (<fנ # i) s ( 

. s) A s ( </כ ) ii ( 
The restriction of the partial order CJ to the set S' induces a partial order 

.' onto the set S 
Let s, t E a and assume s A t. The distance from s to t is the length of 

, a complete chaint from s to t (that this is well defined is proved by Estabrook 
1968); it will be denoted d(s·, t). The height of an element s in a is defined 

is )</כ ,' as d(O, s) = h(s). The length of an evolutionary hypothesis (S 

.) L d(c/>(s), s =)</כ ,' L(S 
' ES !ו

s;tO 

A minimum evolutionary hypothesis for S (MEH) is such that if (T', x) is 
any other evolutionary hypothesis for S then 

L(S', </>)::;; L(T', x). 

We will now show how the method ofNastansky, Selkow & Stewart (l973a) 
may be generalized to solve the problem of finding one ( or al\, at the 11ser's 
option) of the MEHs for a given set S. 

Given a subset T of S, the unique maximum element of the set 

{p : p A t for a\l t E T} 

is called the recent ancestor of T, denoted RA(T). (That this is well defined 
is proved by Estabrook, 1968.) 

THEOREM 

,) r at RA(T וt occz ~ Let (S', </>) be a MEH. Any furcation in the tree n1u. 
. where T is some subset of S 

 t In fact, it may be desired to permit varying distances betwee11 the eleוזז ents in:ג
character state tree, corresponding to the varying probability of a given change in tl1e 
state of a character. (A strong argument can be given for choosing this distance to be the 
negative logarithm of the probability of the given change.) The 111odifications necessary 
to our algorithms, and the algorithm of Estabrook, to treat the variable cost case, are 

. trivial 
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We introduce the notion of a phylograph, which is a graph in which the 
nodes are OTUs, and the arcs correspond to possible evolutionary descent. 
From Theorem 1 above, it follows immediately that the MEH is a subtree 
of the phylograph P2 defined as follows. 

Definition 

Phylograph P2 = (N2, A2) is defined by 
(i) N2 = {s: s = RA(T), some T ~ S} u {0} (the nodes in the 

phylograph). 
(ii) A2 = {(s, t): s, teN2 and sA t}. 

Associated with each arc (s, t) E A2 is a length or distance d(s, t), as defined 
above. 

We now describe another phylograph P3, which is a reduction of P2. 
The purpose of Theorem 2, below, is to show that the MEH is a subtree of 
the reduced phylograph P3. 

Definition 

Phylograph P3 = (N3, A3) is defined by 
(i) N3 = N2. 

(ii) For each t E N3-{0} we define <5(t) by 

<5(t) = min {d(s, t)} 
S E S U {0} 

sAt 
•*t 

and n(t) = {s: s E N3, s i= t, s A t and d(s, t) ~ <5(t)}. 
We include in A3 each arc (u, t) for which u E n(t) and u 11as no successor 

in n(t). 
Again, associated with each arc (s, t) E A3 is a distance d(s, t), as defined 

above, i.e. distance is the distance from s to t in a. 

2 THEOREM 

is an MEH. Then there is a subtree of P3 which sati,ifies )c/כ ,' Suppose that (S 
: the following conditions 

. i) the nodes of the subtree include all of the elements of S ( 
. ii) all fi1rcations of the subtree are furcations of the M EH, and vice versa ( 

' Prooj 

is an MEH. lt has already been established that all )c/כ ,' Suppose that (S 
furcations of the MEH occur in N3, and trivially, all members of S occur 

, t) = s ("c/כ in N3. We must show that if s, t E S', if there exists n such that 
and if there are no furcations of the MEH between s and t, then there is a 

. sequence of arcs in A3 leading from s to t 
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Suppose that s, t E S', that there exists n such that 1>"(t) = s, and that 
there are no furcations of the MEH between s and t. 

) t (ת: Case 1: s has no successor in 

t), the arc (s, t) will be in A3. If s fj. n(t), there is a u E S such that (ת: If s E 

t) and d(u, t) < d(s, t). Therefore (S', 1>) cannot be an MEH since (ת: u E 

a cheaper evolutionary hypothesis is obtained by replacing the arcs from 
. t) is impossible (ת: s to t by a sequence of arcs from u to t. Thus, the case s fj. 

) t (ת: Case 2: s has a successor in 

. Let u be a nearest such element to t. By the definition of A3, (u, t) E A3 
We have now reduced the problem to showing that there is a sequence of 

d(s, t)-1. To establish this result ~ arcs in A3 from s to u, where d(s, u) 
: we repeat the argument used so far, considering cases 

.) u (ת: Case 2-1: s has no successor in 
.) u (ת: Case 2-2: s has a successor in 

Since d(s, t) is finite, this process must eventually stop with a sequence of 
. arcs in A3 from s to t 

We now show that, even if the second phase of our algorithm enumerated 
every subtree of P3, our algorithm would still enumerate fewer trees than 

. the best algorithm previously proposed, namely, the algorithm of Estabrook 

THEOREM 3 

Every subtree of P3 with elements of S as leaves is enumerated by Estabrook's 
algorithm. 

" Prooj 

= Let (S', 1>) be a subtree of P3. V = non-maximal elements of S', W 
elements of V with maximal height. M = maximal elements of {s: s is a 

.} recent ancestor of two or more elements of S 
Let w E W. There exists s E S such that 1>(s) = w; (w E V implies w has a 

successor in S', the successor must be a leaf since w E W, and all leaves of 
.) s (ת: S', 1>) are in S, by hypothesis). There is no successor of w in ( 

Suppose w fj. M. Then there is some element m E M such that w A m 
.) s (ת: and w # m; it follows that s A m, or there would be a successor of w in 
. Let r and t be two distinct elements of S for which m A r and m A t 

. Either m # t or m # r or both. Suppose for example m # t 

. t), and s E S (ת: h(s) because 4>(t) E ~ l1(4>(t)) 

.) h(s) > l1(w 

. But 1>(t) E V, so w was not of maximal height. Therefore w E M 



~ 

(a) 

(b) 

G. 2. (a) The phylograph P3 to the set of nodes denoted by Ds. (b) A reduced version וF 
.) of the phylograph of (a 
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naximal height, so it contains an וNow (S', 4>) conlains an element of 
t) = m or (qנ element (ca\l it n1) of M. There is a subset T of S such that 

t = m for all t E T, for if there were any other recent ancestors intervening 
. the definition of M would be violated ,)qנ ,' between m and the leaves of (S 
, But Estabrook's algorithm must consider all possible choices from M 
; in order to find the choice leading to the minimal evolutionary hypothesis 

eventually, therefore, the algorithm will choose m, and join it up to the 
. elements of T 

To complete the proofwe must show that Estabrook's algorithm sometimes 
enumerates trees not enumerated by our algorithm. An example is given 

by the phylograph P3 of Fig. 2(a), in which @ is in M; Estabrook's 

.~ algorithm would consider the possibility of joining@to 

-· 

APPENDIX B 

Additional Reductions 

-Given the set S of nodes, each denoted by a D in Fig. 2(a), the pro 

gram which implements Theorems 1 and 2 generated the phylograph P3 
of Fig. 2(a). By the first reduction procedure considered, because all paths 

0 E S pass through the l1ypothetical ancestor 0, we know that שto 

must be in the MEH and we indicate this by converting it toG. By similar 

. reasoning, 0, Q, (D, (D,@,@@and 0 must be in the MEH 

Appealing to Theorem 2, as S?on as (!) is converted to 0 we may 

 eliminate the path from 0 to [ב).

By the second reduction procedure, @ n1ay be re1noved from the 

0 phylograph. Reapplying Theorem 2, we will obtain a single arc from 

' and of course tl1ere will now be no arc fro1n @ to @. Again ~ to 

using the second reduction procedure, @ may be re1noved from the 

0 phylograph. Reapplying Theorem 2, we will obtain a single arc from 

to G and of course no arc from 0 to@. Using the second reduction 

procedure and Theorem 2 one final time eliminates 0, and produces 

 the phylograph of Fig. 2(b). Since this phylograph cannot be furthe·ו
reduced by the reduction procedures, other procedures must be called to 
enumerate and compare the lengths of the evolutionary hypotheses which 

.) nay be found in Fig. 2(b ו
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Of course, we do not enumerate all of the subtrees of the final reduced 
phylograph. There are standard techniques in Operations Research for 
reducing the search by orders ofmagnitude: branch and bound (Garfinkel & 
Ne1nhauser, 1972), implicit enumeration schemes (Nastansky, Selkow & 
Stewart, 1973b), and dynamic programming schemes (Armstrong & 
Nastansky, 1973). We have found the last approach to be the most successful. 

~ 

~ 

' 


